
90% of the LWP is evaporated (not shown). Near the
boundary on the unstable side, the clouds remain un-
broken; nevertheless, cloud thinning takes place with
the cloud base rising faster than the cloud top. The
cloud thinning would perhaps result in complete cloud
dissipation with a longer simulation time. The figure
also suggests that a stronger inversion resists cloud
breakup with negatively larger �RD. For instance, cases
32 (�RD 
 �1.79 and �s� 
 2.54) and 95 (�RD 
 �5.61
and �s� 
 8.91) have similar cloud breakup scenarios.
Thus, both �RD and �s� may have physical significance
for the speed of cloud breakup.

The CTEI diagrams for BR-1 and BR-2 are pre-
sented in Fig. 10. The cloud evaporation time scales are
less than 2 h for about two-thirds of the unstable cases.
Like BR-0.5, the time scale increases as �RD increases
toward zero. Corresponding time–height distributions
of the cloud fraction for the subset of BR-1 are shown
in Fig. 11. As in BR-0.5, rapid cloud breakup happens
in most of the unstable cases, and rapid cloud-top as-
cent also occurs; the cloud tops of BR-1 rise by more

than 100 m, and those of BR-2 (not shown) by more
than 200 m, over the first couple of hours.

b. How strong is the positive feedback?

The BR experiments produce cloud breakup, which
is in many cases rapid. The CTEI hypothesis predicts
cloud breakup as a secondary effect with strong TKE
production through rapid entrainment associated with
buoyancy reversal. Moeng (2000) did not obtain rapid
entrainment and strong TKE production in her LESs.
In the following discussion, we explore these issues with
case 73 for each of the three series. The runs studied are
referred to as BR-0.5-73, BR-1-73, and BR-2-73.

Two movies of BR-0.5-73 are provided to aid in un-
derstanding our results. They are available as supple-
mental material at http://dx.doi.org/10.1175/JAS2438.
s1. Figure 12 shows some snapshots from these movies.
Figure 12a shows the negative (positive) buoyancy col-
ored red (white), and Fig. 12b shows the cloud water.
The left panels show the first negatively buoyant ther-
mal falling away from the cloud top, leaving the nega-

FIG. 11. Same as in Fig. 9 but for BR-1. The initial �s� and �RD of each case are omitted.
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are close to those of DYCOMS-II. The DYCOMS-II
PBL is unstable with respect to CTEI, and it is deeper
than BR-0.5-73. The GCSS DYCOMS-II case includes
the surface fluxes as well as the longwave radiation,

both of which promote convection. The vertically inte-
grated TKE of DYCOMS-II (Fig. 5) is about 20 times
larger than that of BR-0.5-73 (Fig. 13). Moreover, for
the entire BR-0.5 series, the largest value of the verti-
cally integrated TKE is less than 20% of that in
DYCOMS-II (not shown), and the cases at the bottom-
left corner of the CTEI diagram (Fig. 7) have larger
TKEs than those at the upper right. We conclude that
the turbulence produced by CTEI is weak compared to
that typically found in marine stratocumulus clouds.
Moeng (2000) did not observe large TKE with �RD � 0.
The maximum liquid water mixing ratios of the CTEI
unstable cases among her LESs are between 0.03 and
0.22, less than 0.5 g kg�1. Her results are consistent with
ours.

c. What processes can mask CTEI?

According to MB and Moeng (2000), as well as our
BR experiments, spontaneous entrainment happens if
and only if the RD criterion is satisfied, and CTEI
forces the cloud toward dissipation if no other pro-
cesses are active. The BR experiments show that the
positive feedback is weak, so that in realistic cases, with
many active processes, CTEI may not be strong enough
to control the state of the marine boundary layer. Per-
sistent solid cloud decks subject to CTEI have been
observed and simulated in earlier studies. We therefore
hypothesize that CTEI can be masked by sufficiently
strong cloud-building processes (CBPs), for example,
radiative cooling and surface evaporation. Cloud dissi-
pation due to CTEI is expected only when CTEI can
overcome the CBPs. This may rarely happen.

We now discuss a few tests of the CTEI–CBP hy-
pothesis; more should be examined in the future. The
marine stratocumulus-topped PBL has two coexisting
types of convection: convection from the cloud top,
forced by radiative cooling, and convection from the
lower boundary, forced by surface sensible and latent
heat fluxes. For marine stratocumulus clouds, the ra-
diative cooling and surface latent heat flux cool the
layer and supply moisture from the surface, thus favor-
ing continued cloudiness. To see the effects of these two
processes on a cloud field subject to CTEI, three addi-
tional LESs based on BR-0.5-73 were performed. The
first, called RAD, is BR-0.5-73 but with longwave ra-
diation. The SST is assumed to be equal to the tem-
perature at the lowest model level. The second,
LHF100, is BR-0.5-73 but with a prescribed constant
surface latent heat flux of 100 W m�2. The third, RAD-
LHF100, has both longwave radiation and a prescribed
surface latent heat flux of 100 W m�2. In these experi-
ments, the longwave radiation and/or the latent heat

FIG. 13. Time evolution of normalized liquid water path, en-
trainment rate, and vertically integrated TKE for case 73 of BR-
0.5, BR-1, and BR-2. The entrainment rate is smoothed with a
30-min running mean.
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flux are introduced after 1 h of simulated time, when
the CTEI-induced convection is already established.
The surface sensible heat flux was set to zero in all of
the runs.

Figure 14 shows the vertical profiles of the cloud frac-
tion, liquid water potential temperature, �l 
 � � [(L /
cp)(�/T )]l, buoyancy flux, and third moment of the ver-
tical velocity for RAD, LHF100, and RAD-LHF100 as
well as BR-0.5-73 labeled as Control. The profiles for
hour 1 are the same as that of Control. The cloudiness
of Control quickly decreases, and the turbulent activity
almost ceases by hour 3. The downdrafts are more in-
tense than the updrafts so that the third moment of the
vertical velocity is negative in the cloud layer at hour 1
as expected for CTEI. The liquid water potential tem-
perature becomes warm, that is, less mixed, in the cloud
layer.

In RAD, the cloudiness decreases to less than 0.8 by
hour 7, but then increases by hour 9. The profiles of the
buoyancy flux show weakening turbulence, and the
profile for hour 7 has almost no flux. Perhaps, cloud
evaporation due to CTEI is almost terminated at this
time because of the depletion of the cloud water. Ra-
diative cooling keeps the liquid water potential tem-
perature profile same all the time and should allow the
cloud to reform. The RD criterion for instability is sat-
isfied at hour 9, so that the reborn cloud starts to break
up (not shown).

The surface latent heat flux produces a cumulus like
condition in LHF100. The cloudiness decreases to 0.5 at
hour 3 and continues decreasing. The PBL becomes
unmixed so that the profiles of the liquid water poten-
tial temperature become a cumulus type from a stra-
tocumulus type. The third moment of the vertical ve-
locity suggests that the circulation rapidly shifts from
downdraft dominated to updraft dominated. The buoy-
ancy flux profiles show strengthening turbulence in the
cloud layer, and the vertical gradient in the subcloud
layer is negative upward, which is similar to that of
realistic clouds.

For RAD-LHF100, the boundary layer condition
also becomes cumulus type with stronger turbulence as
a result of a coupling of radiation and surface latent
heat flux. The entrainment rate and vertically inte-
grated TKE are strongest in RAD-LHF100 (Fig. 15).
The cloud should experience more evaporation because
of this increased entrainment. With a reduced cloud
fraction, the radiative cooling produces less chilling.
Even with transported moisture from the surface, the
cloudiness of RAD-LHF100 decreases faster than in
RAD.

Normalized LWPs shown in Fig. 15 suggest that the
cloud evaporation time scale for LHF100 is about 100

min, which is the same as that of Control. The time
scales for RAD and RAD-LHF100 are about 135 min,
which would be longer if the longwave radiation had
been introduced at the beginning of the simulation. The
radiative cooling makes CTEI slow down, but the latent

FIG. 15. Same as in Fig. 13 but for RAD, LHF100, and
RAD-LHF100. BR-0.5-73 is also shown and is labeled as Control.
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heat flux does not. That is, radiative cooling counteracts
CTEI more effectively than the surface latent heat flux.

These results show that radiative cooling has a po-
tential to overcome CTEI. This can explain the persis-
tent cloud decks observed under CTEI conditions. The
negative feedback proposed by Moeng et al. (1995)
may play a role here.

d. Decoupling

As discussed in section 2e, decoupling has been hy-
pothesized as a cloud breakup mechanism for marine
stratocumulus clouds (e.g., Bretherton and Wyant
1997). A decoupled PBL has distinct turbulent circula-
tions in the cloud and subcloud layers. Between the two
layers, a negative buoyancy flux inhibits communica-
tion.

The PBLs of the BR experiments are not expected to
be decoupled according to the buoyancy integral ratio
discussed by Turton and Nicholls (1987) and Brether-
ton and Wyant (1997). However, as discussed in section
3b, the downdraft thermals do not penetrate below z 

200 m. The buoyancy flux and the third moment of the
vertical velocity for BR-0.5-73 (Fig. 14) are zero below
the cloud base, suggesting that the convection is con-
fined within the initial cloud layer, and no turbulence
exists in the subcloud layer. In this sense, the PBL is
decoupled in the BR experiments.

4. Summary and conclusions

We have used LES to explore CTEI through ideal-
ized buoyancy reversal experiments, following MB. The
BR experiments clearly show the hypothesized CTEI
positive feedback. Spontaneous entrainment develops
through buoyancy reversal, if and only if the cloud top
is unstable by the RD criterion. In our idealized experi-
ments, the CTEI-driven entrainment eventually de-
stroys the uniform cloud. The rate of cloud destruction
depends on �s� and (�s�)crit. The experiments affirm
the prediction of APS that the strength of the evapo-
ratively driven turbulence depends on the cloud-top liq-
uid water mixing ratio; larger cloud water leads to
stronger feedback. Comparison with a realistic marine
stratocumulus LES suggests that the feedback is usually
weak for marine stratocumulus clouds because of their
small liquid water amounts.

Additional LESs, which have longwave radiation,
surface latent heat flux, or both, were performed to see
how effectively CBPs can work against CTEI. Radia-
tive cooling decelerates cloud destruction and indicates
a capability to mask CTEI. On the other hand, pre-
scribed surface latent heat flux drives the system to-

ward cumulus convection. Since these two processes
should be effectively coupled for steady clouds, thus
cloud breakup occurs if and when CTEI overwhelms
the CBPs. Observations of persistent stratocumulus
clouds under CTEI conditions can be understood if
CBPs mask the effects of CTEI.

All of our LESs were performed using a small hori-
zontal domain (i.e., about 3 km on a side) with periodic
lateral boundary conditions. Thus, none of our LESs
has mesoscale circulations, for example, closed cells.
We speculate that CTEI might play a role around the
edges of closed cellular circulations, where the clouds
are broken. For example, entrained air may drift hori-
zontally some distance before buoyancy reversal hap-
pens. To evaluate the possible role of CTEI in meso-
scale circulations, an LES with roughly a 100-km hori-
zontal domain size would be required.

Although there are still many uncertainties, it is rea-
sonable to define CTEI as spontaneous entrainment
associated with buoyancy reversal, without mentioning
cloud destruction. Since the positive feedback of CTEI
is weak, cloud breakup is not expected when the clouds
are strongly maintained by other processes.

Further study, with a different experimental design,
is needed to understand the effects of CTEI on the
structure of the marine layer as it evolves downstream
through the trade wind region (Moeng and Arakawa
1980).
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APPENDIX A

Summary of CTEI Criteria

Table 2 lists six CTEI criteria. The RD and KS cri-
teria are actually the same; their equivalency can be
shown in the following way: the KS instability criteri-
on is

��e � 	�L

cp
��r, �A1�

where

	 

�1 � ���

cp

L
�0

1 � �1 � ����

cp

L
�0

. �A2�
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Here �� 
 (L/cp) (�q*/��)p and �0 is a reference poten-
tial temperature. If we assume T ≅ �, then

	 

�1 � � �

cp

L
T0

1 � �1 � � ��
cp

L
T0

�
�
�

, �A3 �

where � is defined by Randall (1980) as

� �
1 � �1 � � ���

1 � �
. �A4 �

With (A3) and �e � � � (L/cp)q, (A1) can be approxi-
mately expressed in terms of moist static energy instead
of equivalent potential temperature as

� � h � � L� r � 0. �A5 �

This is the RD criterion. A more detailed discussion of
the relationship between the RD criterion and the KS
criterion is given by Shao et al. (1997).

We find that � � 0.27 is the stability boundary of the
KS criterion for BR-0.5, if � is calculated with the val-
ues at level B, that is, �0 
 �B, �� 
 ��B

in (A2). Al-
though � 
 0.23 has been widely used, Fig. A1 shows
that � is a weak function of pressure below 900 hPa and
a stronger function of temperature. For this reason, us-
ing a single value of � as a stability boundary is not
possible if PBLs of various temperatures are consid-
ered. Moreover, including the effects of the inversion
air will bring further complications. Since the BR ex-
periments use a single PBL sounding for each series,
and � is evaluated at level B, we have one KS stability
boundary for each series. Cases 82 and 92 are both
shown as unstable in Fig. 7 but stable in Fig. 8. This is
caused by the use of the temperature at the levelB only
for �, more specifically constant ��, to obtain a single
stability boundary for the KS criterion.

SB proposed a stability parameterD that is the ratio
of minimum buoyancy reduction to inversion strength:

D � ���s� �at � * � �s� �B

� s�
�


�� s� �crit

� s�
� 1

1 �
�� s� �crit

�1 � �1 � � �� �LlB

.

�A6 �

The second equality in (A6) was derived by Shao et al.
(1997). Because 1� {(�s�)crit /[1 � (1 � �)�]LlB} is posi-
tive, the sign of D is determined by the sign of [(�s�)crit /
�s�] � 1, and soD is positive when�RD is negative. The
relationship between �RD and �s� can be obtained from
(1) and (A6):

� RD 

� s� � �1 � �1 � � �� �LlB

D� s� � �1 � �1 � � �� �LlB
D� s� . �A7 �

Based on laboratory experiments and numerical studies
performed by Shy and Breidenthal (1990), SB proposed
that CTEI occurs for

D 
 1.3. �A8 �

A value of D of order 1 means that (s�)at �* � (s�)B is
comparable to the strength of the inversion, that is,
evaporative cooling is capable of chilling air from above
the inversion until its temperature is comparable to that
of the cloud layer. For stratocumulus conditions, (A8)
could mean a chilling of 10 K or more, which is out of
the question with stratocumulus liquid water mixing ra-
tios. We comment that such extreme chilling is not re-
quired for the production of negatively buoyant par-
cels. SinceD 
 0 corresponds to the RD criterion, the

FIG . A1. Stability parameter � and its vertically averaged value
between 1000 and 900 hPa. Here� is computed by (A2) with
temperature and pressure as input.
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SB criterion is much more difficult to satisfy. For 0 �
D � 1.3, SB suggested that there is evaporative en-
hancement of entrainment, instead of the hypothesized
explosive positive feedback of CTEI.

MM derived an instability criterion by considering
the conversion of potential energy to kinetic energy
between unsaturated upper layer and saturated lower
layer. Their criterion for instability is given by

	 
 0.7. �A9�

MM also showed that their criterion reduces to the KS
criterion if both layers are saturated. MM demon-
strated how their criterion works with a diagram similar
to KS with available observational data in terms of frac-
tional cloudiness.

Duynkerke (1993) proposed that CTEI occurs if

�a 
 �
0

1 ����mix � ����B
1 � �

d� � 0. �A10�

He showed that as the liquid water content of a cloud
increases from zero, the criterion changes gradually
from the dry-adiabatic criterion (i.e., � s� � 0) to the
RD criterion or “wet-adiabatic criterion” with increas-
ing liquid water amount. He argued that other criteria
are just simplification of his criterion.

Lilly (2002) first developed a new entrainment pa-
rameterization and then derived a CTEI criterion for
which his entrainment parameterization gives an infi-
nite entrainment rate:

�
L �r

cp��l

 	L � 1.28. �A11�

Here � l is the liquid water potential temperature, and
� L 	 1.28 is equivalent to the RD criterion. Assuming
T ≅ � and using the definitions of � l and � e, the rela-
tionship between � and � L can be derived as

	 
 1 �
1

	L
. �A12�

The value of � L decreases as cloud-base height de-
creases and as cloud-top wetness increases. Lilly’s cri-
terion becomes equivalent to the RD criterion when
the cloud-base height becomes zero and the cloud-top
wetness becomes 100%. The cloud-top wetness is de-
fined in terms of saturated and unsaturated buoyancy
fluxes. He suggested that for real situations, � L takes a
larger value, for example, � L 
 2.55 (or � ≅ 0.6) with
typical cloud-base height and cloud-top wetness.

APPENDIX B

List of Abbreviations

Table B1 shows the list of the abbreviations that are
used repeatedly throughout the text and whose mean-

ing may not be obvious. They are mostly related to the
proposed CTEI criteria and simulation case names.

APPENDIX C

Soundings for BR-0.5, BR-1, and BR-2

One baseline sounding, that is, BR-0.5 with index 11
in Fig. 3, is based on case K of MB. The mixed layer and
the tropospheric sounding are indicated in Table C1.
Without changing the mixed layer sounding, 63 differ-
ent free tropospheric soundings of BR-0.5 were created
by applying different jump values for virtual potential
temperature and total water mixing ratio. For BR-1 and
BR-2, the mixed layer soundings are generated so as to
have the same value of the RD stability parameter,
� RD, of BR-0.5. All three series have the same free
tropospheric soundings for each index.

SAM requires the initial profiles of the liquid water
potential temperature and the total water mixing ratio
as well as the surface pressure. Level B values are com-
puted by

� ��l �B 
 �B � �L

cp

�B

TB
�lB

rB 
 q*B � lB,
�C1�

where qB 
 q*B.
The surface pressure is obtained by the following

method: from the moist static energy and total water
mixing ratio, the surface temperature is given as

TS 
 cp
� 1�hB � Lr S�. �C2�

TABLE B1. List of abbreviations.

Abbreviation Origin and reference

RD Randall (1976, 1980); Deardorff (1980)
KS Kuo and Schubert (1988)
APS Albrecht et al. (1985)
SB Siems et al. (1998)
MM MacVean and Mason (1990)
MB MacVean and Bretherton (1999,

unpublished manuscript)
BR Buoyancy reversal
BR-# BR experiment with the # g kg� 1

cloud-top liquid water mixing ratio
BR-#-## Case ## of BR-#
CBP Cloud-building process
RAD Case of BR-0.5-73 with the longwave

radiation, no surface flux
LHF100 Case of BR-0.5-73 with the constant

surface latent heat flux of 100 W m� 2

RAD-LHF100 Case of BR-0.5-73 with the longwave
radiation and the constant surface
latent heat flux of 100 W m� 2
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Following adiabatic lapse rate,

T�z� 
 TS �
g

cp
z. �C3�

Using the hydrostatic relationship and equation of
state, we get

1
�

�p

�z

 �

g

RT
. �C4�

Substituting (C3) into (C4), integrating with height, and
then solving for pS, we find that

pS 
 pB�1 �
g

cp

zB

TS
���cp�R�

. �C5�

Free tropospheric soundings are created as follows:
for each index of i 
 [1, 2, 3, 4, 5, 6, 7, 8, 9] and j 
 [1,
2, 3, 4, 5, 6, 7], which are indices of row and column
starting from the bottom right on Fig. 3, jump values of
virtual potential temperature and total water mixing
ratio are calculated as

���� 
 �1.51 � 0.54�i � 1� for i � 7

4.75 � 2.16�i � 7� for i 
 8, 9

�r 
 �2.35 � 2�j � 1�.
�C6�

Here the virtual potential temperature jumps with i 
 8
and 9 are for the strong inversion strength cases. From
(��)B 
 �B (1 � �qB � lB) and rB, variables at level B�
are given as

�
����B� 
 ����B � ���

rB� 
 qB� 
 r � �r

lB� 
 0.
�C7�

Above level B�, sounding is simply calculated as

�
���z� 
 ����B �

d��

dz
�z � zB��

r�z� 
 rB� �
dr

dz
�z � zB��

l�z� 
 0.

�C8�

For BR-1 and BR-2, we created the mixed layer
soundings so as to have the same �RD of BR-0.5. The
virtual dry static energy jump is given as

�s� 
 cp�T� � g�z, �C9�

where T� � T(1 � �r � l) is virtual temperature and
�z 
 5 m. From (C9) and the definition of �RD,

�T��B 
 �T��B� � cp
�1��RD � ��s��crit � g�z�


 f ��T��B�, q*B�, qB��. �C10�

Thus, the same �RD for all three series means the same
(T�)B for all three series if the sounding of the free
troposphere is the same for all three.

To find a suitable (T�)B, an iterative method is used;
warm the absolute temperature with small increments
and then assign the saturation mixing ratio calculated
with the new temperature as the new water vapor mix-
ing ratio. With the specified liquid water mixing ratio,
that is, 1 g kg�1 for BR-1 and 2 g kg�1 for BR-2, a new
virtual temperature is calculated. This cycle is contin-
ued until the new virtual temperature is close enough to
the virtual temperature at level B of BR-0.5.

APPENDIX D

Test of the Sensitivity to Grid Spacing with
DYCOMS-II Simulations

To perform a large number of LESs of the BR ex-
periments with the available computing power, we first
simulated with GCSS DYCOMS-II with three combi-
nations of the horizontal and vertical grid spacings: grid
A is �x 
 35 and �z 
 5 m, grid B is �x 
 50 and �z

 5 m, and grid C is �x 
 50 and �z 
 10 m. Grid A
was used in the GCSS study (Stevens et al. 2005). Grid
B is less isotropic than grid A and has a coarser hori-
zontal grid spacing. Isotropic grid has the same grid
spacing in all directions. Grid C is more isotropic than
grid A and has coarser horizontal and vertical grid spac-
ings. Isotropy may be important, especially where
quasi-isotropic small-scale processes are as important
as larger-scale processes. For the same time step, grid B
is about 2 times faster than grid A, and grid C is about

TABLE C1. Sounding information for case K given by MB.

Cloud top Jump value Vertical gradient for free troposphere Cloud base

zB ≅ 500 m ��� 
 1.51 K d�� /dz 
 0.006 Km�1 zC ≅ 280 m
pB 
 944 hPa �r 
 �2.35 g kg�1 dr/dz 
 0 g kg�1 m�1

TB 
 292.2 K
�B 
 297 K
lB 
 0.5 g kg�1
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4 times faster than grid A. Sensitivity of the entrain-
ment rate to vertical resolution and SGS mixing have
been reported (e.g., Bretherton et al. 1999; Stevens et
al. 2005). From this point of view, grid A would be the
best choice. On the other hand, the BR experiments
run faster with grids B and C.

All grids used the same model configuration of
Stevens et al. (2005). The simulation with grid A is the
same run presented in section 2e. The results for dif-
ferent grid spacings are presented in Fig. D1. All three

cases have almost the same profiles of liquid water po-
tential temperature and total water mixing ratio. How-
ever, the liquid water mixing ratio and resolved buoy-
ant production in cloud are much smaller for grid C,
and according to the cloud fraction, cloud breakup has
already taken place. The cloud fraction of grid C drops
less than 0.8 after 2 h (not shown), and this breakup is
caused not by CTEI but by coarse vertical resolution.
On the other hand, grid B has slightly larger liquid
water amount and resolved buoyant production in

FIG . D1. One-hour-averaged vertical profiles at hour 4 for three different co mbinations of horizontal and vertical
resolutions. Liquid water potential temperature, total water mixing rat io, liquid water mixing ratio, cloud fraction,
and resolved and SGS buoyant production of TKE are presented.
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cloud, and the cloud fraction is close to unity. SGS
buoyant production of grids B and C is as small as grid
A. This is also true for the resolved TKE and SGS
TKE. Since the only TKE source is buoyant production
for the BR experiments, these results suggest that grid
B can produce a reasonable result compared with the
result obtained from grid A, even though grid B is less
isotropic. Comparison of the time series of LWP, ver-
tically integrated TKE, and cloud fraction of grid A
presented in Fig. 5 and grid B (not shown) also suggests
that the effect of reduced isotropy by horizontal reso-
lution is very small for these two grid spacings. Thus, we
selected grid B, that is, 5-m vertical and 50-m horizontal
grid spacing.

APPENDIX E

A Method to Determine E, zB� , and zB

To the best of our knowledge, there is no well-
developed method for any type of PBL to determine
the inversion height, mixed layer depth, or the entrain-
ment rate. We have created a new method, which can
apply to dry and stratocumulus-topped boundary lay-
ers, as explained below.

From mixed layer theory, the inversion-layer budget
equation for the liquid water static energy, sl � cp T �
Ll � gz, is

E� sl � �Fsl
�B � � R 
 0, �E1�

where E is the entrainment rate, F is the vertical flux of
subscript variable, and R is the radiative flux. Keeping
the assumption of a thin inversion layer, that is, zero
storage, but allowing nonzero fluxes at level B� , we
generalize (E1) to

E� sl � � Fsl
� � R � � sl


 0. �E2�

In reality or LES, there is small but finite storage, � , so
generally

� sl
� 0. �E3�

Similarly, for the total mixing ratio,

E� r � � Fr �
� r

L
� 0. �E4�

We define the total residual from the zero storage
assumption as a quadratic function of E, according to

� 2 � � sl

2 � � r
2 
 c2E2 � c1E � c0, �E5�

where

�
c2 
 � � sl �

2 � �L� r�2

c1 
 � 2� � sl � � Fsl
� � R� � L2� r� Fr�

c0 
 � � Fsl
� � R�2 � �L� Fr�

2.

�E6�

It can be shown that c2
1 � 4c2c0 � 0 and c2 
 0. It

follows that the entrainment rate that minimizes � 2 is

E 
 �
c1

2c2
. �E7�

The entrainment rate given by (E7), with reasonable
levels B and B� , is optimally consistent with the mixed
layer theory in the sense that the total residual is mini-
mized.

However, we have to find levels B� and B. Searching
from the domain top, we locate level B� as the lowest
level where both

|Fsl
| � 0.025 |max�Fsl

� | and |Fr | � 0.025 |max�Fr� |

�E8�

are satisfied. This condition forces near-zero fluxes at
level B� . Figure E1 shows an example at hour 10 of the
DYCOMS-II simulation, with � x 
 35 and � z 
 5 m.
From Figs. E1a and E1b, we see that the diagnosed
level B� is reasonable, and the magnitudes of the re-
siduals are very small in the inversion, due to small
coefficients, c2, c1, and c0 (i.e., small � sl, � r, and � F).

To determine level B, we introduce the following
ratio:

� �
| � sl

| � | � r |
|E� sl | � | � Fsl

| � | � R | � |EL� r | � |L� Fr | .

�E9�

This is the ratio of the sum of the absolute value of the
residuals to the sum of the absolute value of the indi-
vidual terms in the inversion-layer budget equations.
We tested several ratios of this general type and found
the above ratio works well.

The value of � is obtained with the jump values, the
entrainment rate given by (E7) with the diagnosed zB� ,
and all possible choices of level B below level B� . In
Fig. E1c, the level of the minimum is reasonably fit as
level B in the soundings shown in Fig. E1a. Further
analysis suggested that the minimum tends to locate at
the level B if the number of minima is one. If number
of minima is more than one, the first minimum tends to
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