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A Quick Introduction to
Vectors, Vector Calculus, and Coordinate Systems

David Randall

Physical laws and coordinate systems

For the present discussion, we define a “coordinate system” as a system for describing
positions in space. Any physical law should be expressible in a form that is invariant with respect
to our choice of coordinate systems; we certainly do not expect that the laws of physics change
when we switch from spherical coordinates to cartesian coordinates! It follows that we should be
able to express physical laws without making reference to any coordinate system. Nevertheless
we do often use coordinate systems when discussing physical laws, and so we need to understand
how the laws can be expressed in different coordinate systems, and in particular how various
quantities “transform” as we change from one coordinate system to another.

Scalars, vectors, and tensors

A tensor is a quantity that is defined without reference to any particular coordinate
system. A tensor is simply “out there,” and has a meaning that is the same whether we happen to
be working in spherical coordinates, or Cartesian coordinates, or whatever. Tensors are,
therefore, just what we need to formulate physical laws.

The simplest kind of tensor, called a “tensor of rank 0,” is a scalar, which is represented
by a single number -- essentially a magnitude with no direction. An example of a scalar is the
temperature. Not all quantities that are represented by a single number are scalars, because not
all of them are defined without reference to any particular coordinate system. An example of a
(single) number that is not a scalar is the longitudinal component of the wind, which is defined
with respect to a particular coordinate system, i.e., spherical coordinates.

A scalar is expressed in exactly the same way regardless of what coordinate system is
used. For example, if someone tells you the temperature in Fort Collins, you don’t have to ask
whether they are using spherical coordinates or some other coordinate system, because it makes
no difference at all.

Vectorsare “tensors of rank 1;” a vector can be represented by a magnitude and a
direction. An example is the wind vector. In atmospheric science, vectors are normally either
three dimensional or two dimensional, but in principle they have any number of dimensions. A
scalar can be considered to be a vector in a one-dimensional space.
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A vector can be expressed in a particular coordinate system by an ordered list of numbers,
which are called the “components” of the vector. The components have meaning only with
respect to the particular coordinate system. More or less by definition, the number of components
needed to describe a vector is equal to the number of dimensions in which the vector is
“embedded.”

We can define “unit vectors” that point in each of the coordinate directions. A vector can
then be written as the vector sum of each of the unit vectors times the “component” associated
with the unit vector. In general, the directions in which the unit vectors point depend on position.

Unit vectors are always nondimensionalote that here we are using the word
“dimension” to refer to physical units, such as length, time, and mass. Because the unit vectors
are non-dimensional, all components of a vector must have the same dimensions as the vector
itself.

Spatial coordinates may or may not have the dimensions of length. In the familiar
Cartesian coordinate system, the three coordinates, (x,y,z), each have dimensions of length. In

spherical coordinates, (A,(p,r) , where ! is longitude, ! is latitude, and r is distance from the
origin, the first two coordinates are nondimensional angles, while the third has units of length.

When we change from one coordinate system to another, an arbitrary vector V
transforms according to

1)
Here V is the representation of the vector in the first coordinate system (i.e., V is the list of the
components of the vector in the first coordinate system), V! is the representation the vector in

the second coordinate system, and {M} is a “rotation matrix.” The rotation matrix used to

transform a vector from one coordinate system to another is a property of the two coordinate
systems in question; it is the same for all vectors.

The transformation rule (1) is actually part of the definition of a vector, i.e., a vector must
by definition transform from one coordinate system to another via a rule of the form (1). It
follows that not all ordered lists of numbers are vectors. The list

(mass of the moon, distance from Fort Collins to Denver)

1S not a vector.

Let V be the a vector representing the velocity of a particle in the atmosphere. The
Cartesian and spherical representations of V are

V=X+y+&,
)
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V =trcos'e +rle +te .
©)

Here a “dot” denotes a Lagrangian time derivative, i.e., a time derivative following a moving
particle. Eqgs. (6) and (7) both describe the same vector, V , i.e., the meaning of V  is

independent of the coordinate system that is chosen to represent it.

It is also possible to define higher-order tensors. An example of importance in
atmospheric science is the flux (a vector quantity, which has a direction) of momentum (a second
vector quantity, which has a second, generally different direction). The momentum flux, also
called a “stress,” and equivalent to a force per unit area, thus has a magnitude and “two
directions.” One of the directions is associated with the force vector, and the other is associated
with the normal vector to the unit area in question.

Because the momentum flux is associated with two directions, it is said to be a tensor of
rank two. Vectors are considered to be tensors of rank one, and scalars are tensors of rank zero.
Like a vector, a tensor of rank 2 can be expressed in a particular coordinate system, i.e., we can
define the “components” of the tensor with respect to a particular coordinate system. The
components of a tensor of rank 2 can be arranged in the form of a two-dimensional matrix, in
contrast to the components of a vector, which form an ordered one-dimensional list.

When we change from one coordinate system to another, a tensor of rank 2 transforms
according to

Ti={M}T{m}*,
(4)

where {M} is the matrix introduced in Eq. (1) above, and {M }_l is its inverse.

In atmospheric science, we rarely meet tensors with ranks higher than two.

Differential operators

Several familiar differential operators can be defined without reference to any coordinate

|
system. These operators are more fundamental than, for example, o where X 1is a particular
X

spatial coordinate. The coordinate-independent operators that we need most often for
atmospheric science (and for most other branches of physics too) are:

the gradient denoted by VA, where A is an arbitrary scalar;
(5)
the divergencedenoted by V- Q, where Q is an arbitrary vector; and
(6)
the curl, denoted by Vx Q.
()
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Note that the gradient and curl are vectors, while the divergence is a scalar. The gradient operator
accepts scalars as “input,” while the divergence and curl operators consume vectors.

In discussions of two-dimensional motion, it is often convenient to introduce a further
operator called the Jacobian denoted by
J(A,B)=k-(VAxVB)
=k-Vx(AVB)
=-k -V x(BVA).
(8

Here the gradient operators are understood to produce vectors in the two-dimensional space, and
k is a unit vector perpendicular to the two-dimensional surface. The second and third lines of (8)

can be derived with the use of vector identities found in a table later in this essay.

A definition of the gradient operator that does not make reference to any coordinate
system is:

VA = lim

§—0

9

1

9)
where Sis the surface bounding a volume V, and n is the outward normal on S Here the terms
“volume” and “bounding surface” are used in the following generalized sense. In a three-
dimensional space, “volume” is literally a volume, and “bounding surface” is literally a surface.
In a two-dimensional space, “volume” means an area, and “bounding surface” means the curve
bounding the area. In a one-dimensional space, “volume” means a curve, and “bounding surface”
means the end points of the curve. The limit in (9) is one in which the volume and the area of its
bounding surface shrink to zero.
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As an example, consider a Cartesian coordinate system (X, y) on a plane, with unit

vectors i and j in the x and y directions, respectively. Consider a “box” of width ! x and

y

L.

Ay

(x.)

(xo’yo)

Figure 1: Diagram illustrating a rectangular box in a planar two-dimensional space, with center at
(xo,yo), width ! x, and height Ay.

height Ay, as shown in Figure 1. We can write

% L (0 #x o ( #y+,
FA" Iim &—— +— V. -H#Yi + AXX Y, + —-#X
-;qux;wty?A)X0 g Yo7 )XO Yot

(#x,#y)$ 0

#X A #y+, 2
1abx, 17y Byi 1 abxg,y, 1Y
ol 5 Yo LA Yo 15 £

(10)
This is the answer that we expect.

Definitions of the divergence and curl operators that do not make reference to any
coordinate system are:

I "Q#lim &lCO@ "ndS)
' %0 .(V k P
(11)
" .1 *
" Q# |SI$I’73%V<S&Q %dS:'-.
(12)
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We can work through exercises similar to (20) for these operators too. You might want to try this
yourself, to see if you understand.

Finally, the Jacobian on a two-dimensional surface can be defined by

I(AB)=lim[§_AVB-tdI].

A—0
Vector identities

There are many useful identities that relate the divergence, curl, and gradient operators.
Most of the following identities can be found in any mathematics reference manual, e.g. Beyer
(1984). Let A and B be arbitrary scalars, and let V, V,, V,, V, be arbitrary vectors. Then:

I "1 A=0,
(13)
L1 #V)=0,
(14)
VIV, ="V, V,,
(15)
I "(AV)=A(! "V)+V"T A,
(16)
Vx(AV)=VAxV+A(VxV),
(17)
AR AR VARVATIVACAVAI(VERVA
(18)
Vi (V! V)=V (VL) # VL (V1Y)
(19)
Vx(V,xV,)=V,(V-V,) =V, (V-V,)=(V, V)V, +(V, - V)V,,
(20)
J(AB)=k-(VAxVB)=k-Vx(AVB)= -k -V x(BVA) = -k -(VBx VA),
(21)
Leve (L )v=1 (1 #)$! %! %v).
(22)

Identity (22) says that the Laplacian of a vectoris the gradient of the divergence of the vector,
minus the curl of the curl of the vector. This can be used, for example, in a parameterization of
momentum diffusion.

Spherical coordinates
Spherical coordinates are obviously of special importance in geophysics. In spherical

coordinates, the gradient, divergence, and curl operators can be expressed as follows:
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vaa( L A 10A oA
rcosp oA r dg or
(23)
vt e, LSy o) L8y,
1 COS# $% rcos# $r re $r
(24)
- &4V 0
"V =, }f#V, %f(rv$)) 1#(rV)% L A, 1 $%i(v cos$)2,1
| H#S  H#r * rCOS$# ‘rcos$t#,  #$ *2
(25)
Vine [ LI (e )]
r cosp | oA\ cosp oA} Jg or
(26)
1 cV'A"B "B"A
J(AB)=— s ——’(*
alcos! & #"1 T #"T)
(27)

Here is an arbitrary scalar, and is an arbitrary vector.
As an example, consider how the two-dimensional version of (23) can be derived from
e

4
>e, Figure 2. Sketch depicting a patch of the sphere, with
longitudinal width ~ dA, and latitudinal height Y.

acos(! +d!)d”

ade

(9). Fig. 2 illustrates the problem. Here we have replaced r by a, the radius of the Earth. The
angle ! depicted in the figure arises from the gradual rotation of €, and €, , the unit vectors

associated with the spherical coordinates, as the longitude changes; the directions of e, and e,

in the center of the area element, where ! A is defined, are different from their respective
directions on either east-west wall of the area element. Inspection of Fig. 4.2 shows that !

satisfies
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—l[acos((p +dg) - acos g ]da

tan0 =
ade
L icosqo da
2\0p
—lsin(pd)h
2
=sinf .

(28)
Note that 0 is of “differential” or infinitesimal size. Nevertheless, we demonstrate below that it

cannot be neglected in the derivation of (23). The line integral in (9) can be expressed as

1 | Andl = 2;'($e., A%cos" d#+e,Aad" cos&+e. Aad"” Sn&
Area a’® cos" d#d"
+e. A, co8(" +d" )d#$e,Aad” cos&+e. Aad” SN&

e (A2$A4)COS&+e H(Asacos(" +d")$ Aacos” yd#+(A,+A,)sSné&ad" L

acos" d# . a® cos” d#d" 1
(29)
Note how the angle 6 has entered here. Put cos6 —1 and sn/ " isin#a’fla‘ , to obtain
/ .
1 | Andl =e. (A #A,) _|_e$%‘0543~3acos($+d$)#AlacoséB’(c_'_:l-A2 +A,. sin$ g
Area * acos$d” 38 acos $d$ ) » 2 Tacos$3
% .
8 e 9—A+e$' ! i(Acos$)+ Asm$£
acos$ 9" &acos$ 9% acos$)
1 9A _19A
=e. —te——,
acos$ 9" ao%
(30)

which agrees with the two-dimensional version of (23).

Similar (but simpler) derivations can be given for (24) - (27).
Conclusions

This brief discussion is intended mainly as a refresher, for students who learned these
concepts once upon a time, but perhaps have not thought about them for awhile. The references
below provide much more information. You can also find lots of resources on the Web.
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